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Abstract. A crucial process in Galactic cosmic-ray (CR) transport is the spatial diffusion
due to the interaction with the interstellar turbulent magnetic field. Usually, CR diffusion is
assumed to be uniform and isotropic all across the Galaxy. However, this picture is clearly
inaccurate: Several data-driven and theoretical arguments, as well as dedicated numerical
simulations, show that diffusion exhibits highly anisotropic properties with respect to the
direction of a background (ordered) magnetic field (i.e., parallel or perpendicular to it).
In this paper we focus on a recently discovered anomaly in the hadronic CR spectrum
inferred by the Fermi-LAT gamma-ray data at different positions in the Galaxy, i.e. the
progressive hardening of the proton slope at low Galactocentric radii. We propose the idea
that this feature can be interpreted as a signature of anisotropic diffusion in the complex
Galactic magnetic field: In particular, the harder slope in the inner Galaxy is due, in our
scenario, to the parallel diffusive escape along the poloidal component of the large-scale,
regular, magnetic field.
We implement this idea in a numerical framework, based on the DRAGON code, and
perform detailed numerical tests on the accuracy of our setup. We discuss how the effect
proposed depends on the relevant free parameters involved. Based on low-energy extrap-
olation of the few focused numerical simulations aimed at determining the scalings of the
anisotropic diffusion coefficients, we finally present a set of plausible models that reproduce
the behavior of the CR proton slopes inferred by gamma-ray data.
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1 Introduction
The propagation of charged cosmic rays (CRs) in the Galaxy and their complex interactions
with the interstellar medium (ISM) is generally described in terms of a transport equation
characterized by a spatially uniform and isotropic diffusion coefficient, Dij = D δij . This
quantity has a power-law scaling with the rigidity p/Z, i.e., D ∝ (p/Z)δ. This phenomeno-
logical approach dates back to the pioneering works by Ginzburg and Syrovatskii in the early
1960s [1], and was considered adequate to reproduce the available experimental data for a
long time [2].
Nowadays, this picture is severely challenged both by theoretical arguments and new
experimental results.
A plethora of new measurements featuring unprecedented accuracy and several anoma-
lies, both in the charged CR and gamma-ray measured spectra, call for a profound revision of
the conventional scenario (see, e.g., [3] for a very recent review). The non-local observables,
in primis gamma rays, play a major role in this context. In particular, two recent model-
independent analyses [4, 5] showed that Fermi-LAT data point towards a gradient in the CR
proton slope with respect to the Galactocentric radius, R. This feature can be interpreted
in a natural way in terms of a radially-dependent scaling of the isotropic diffusion coefficient
with rigidity, namely D ∝ (p/Z)δ(R) .
Recently, a consistent model reproducing both local and non-local data, based on this
idea, was presented in [6]. Besides Fermi-LAT data, a similar model was shown to consis-
tently reproduce gamma-ray measurement at higher energies performed by Milagro [7] and
H.E.S.S. [8], providing a viable solution to well-known discrepancies between those results
and conventional models.
However, the physical picture behind this behavior is still unclear.
On the theoretical side, there are strong reasons to move beyond the simplistic picture
of homogeneous and isotropic diffusion as well. As a reference theoretical framework for
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CR transport modeling, one often considers the quasi-linear theory (QLT) of pitch-angle
scattering in a random magnetic field due to Alfve´n wave packets [9–11]. The fundamental
assumption behind this scenario is that the power associated to the turbulent fluctuations
of the magnetic field, δB, is much smaller than the one associated to the regular field B0,
i.e., (δB/B0)
2  1. In the ISM, the turbulent spectrum is believed to be injected by
supernova explosions at scales of the order `c ∼ 100 pc, where δB/B0 ∼ 1, or generated by
CR themselves through streaming instability. The dominant contribution to CR diffusion
is provided by resonant scattering at the scale of the order of the particle Larmor radius,
which, e.g., for rigidities of ∼ 1 GeV, corresponds roughly to an astronomical unit (1013 cm '
5 × 10−6 pc). Since a turbulent cascade is taking place, at that small scale the turbulent
power is extremely suppressed with respect to the one at the scale of the injection. Therefore
the QLT is expected to hold in the environment of our Galaxy, as far as Galactic propagation
of particles in the GeV–PeV range is concerned (see, e.g., the detailed discussion in [12]). The
crucial prediction of such theory is a highly anisotropic transport regime. In fact, the QLT
treatment predicts that the ratio between the perpendicular and parallel diffusion coefficients
is
D⊥
D‖
∼ F(k) ∼ δB
2
k
B20
 1 . (1.1)
where D‖ and D⊥ are the diffusion coefficients parallel and perpendicular to B0, respectively,
and F(k) is defined as the (normalized) power associated to the turbulent modes with wave
number k ∝ 1/p resonating with the particles carrying momentum p.
Other processes could actually be at work and complicate this picture, without altering
the bottom line, i.e. the need for anisotropic diffusion. In particular, we point out the field
line random walk, which has been widely discussed in the literature and may be able to
enhance the perpendicular diffusion with respect to what is predicted by QLT, boosting the
perpendicular diffusion coefficient D⊥ up to ∼ 10% of its parallel counterpart (see, e.g., [13]).
As far as the rigidity dependences of the parallel and perpendicular coefficients are
concerned, a useful insight comes from the numerical simulations designed to compute the
trajectory of charged test particles in turbulent magnetic fields [12, 14, 15]. These simulations
clearly outline a significantly steeper rigidity dependence forD⊥ with respect toD‖. However,
these results apply for Larmor radii significantly larger than those relevant for our analysis
(i.e. those corresponding to GV-TV rigidities), so a low-energy extrapolation is needed if one
wants to use those results as a sub-grid model for large-scale CR diffusion.
A possible role of anisotropic diffusion in large-scale CR transport modeling has been
already mentioned in [16]. In that paper, the tension between the observed CR gradient (with
respect to the Galactocentric radius R) and the (steeper) one predicted by large-scale models
is discussed. A viable solution is provided, motivated by the idea that CR perpendicular
escape is more effective in highly star-forming regions where a larger turbulence level is
expected (as shown in eq. 1.1); the same idea was shown to provide a solution to the long-
standing CR anisotropy problem as well. However, a full anisotropic treatment was not
actually implemented in that context.
In a broader perspective, recent analyses [17] of Galaxy formation based on the moving
mesh code AREPO, which includes injection of CRs from supernovae and CR transport (either
isotropic or anisotropic), show that the isotropic approximation can produce incorrect and
unrealistic results, and in particular cannot account for the significant magnetic field ampli-
fication needed to reproduce current observations. According to this scenario, anisotropic
CR diffusion may be also responsible of the strong vertical winds which are observed in the
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inner Galaxy and may play a role in the interpretation of the Fermi Bubbles, huge structures
in the gamma-ray sky (previously observed in the radio) extending ' 50◦ above and below
the Galactic center [18].
An accurate modeling of anisotropic diffusion became further necessary after recent
astronomical observations revealed the presence of a poloidal component in the galactic mag-
netic field. In fact, several authors [19, 20] have exploited the most recent synchrotron
measurements and outlined the presence of a complex magnetic topology, characterized, in
the Galactic bulge, by a poloidal structure extending significantly far away from the Galac-
tic plane similarly to what observed in external spiral galaxies [21]. Due to the expected
highly anisotropic transport regime, this structure should impact on CR transport, as also
highlighted by recent observations of the CR dipole anisotropy and phase [22, 23].
Given all these considerations and results, we propose here the idea that the progressive
hardening in the CR proton slope towards the Galactic centre can be interpreted as a sig-
nature of anisotropic diffusion, and provide a fully tested numerical implementation of this
process (an alternative implementation of anisotropic diffusion, based on a stochastic differ-
ential equation approach, can be found in [24]). In our scenario, the harder slope inferred by
Fermi-LAT data in the inner Galaxy is due to the parallel diffusive escape along the poloidal
component of the large-scale regular magnetic field, characterized by a larger normalization
and a harder scaling with rigidity with respect to the perpendicular diffusion dominating CR
transport in the more external regions. This picture provides a novel alternative to other
recently proposed interpretations of the CR spectral hardening in the central region of the
Galaxy: In particular, in [25], the hardening is explained in a non-linear CR propagation
context, while in [26] the hardening finds an explanation in the framework of anomalous
diffusion.
The paper is structured as follows: In section 2 we present an extended version of
the DRAGON2 code which implements inhomogeneous 2D anisotropic diffusion, under the as-
sumption of azimuthal symmetry. The corresponding numerical tests are described in the
Appendices. In section 3 we implement a toy model for the regular Galactic magnetic field
that captures the main features relevant for the problem under consideration, and show how
the behavior of the CR proton slope as a function of Galactocentric radius depends on the
free parameters involved in our model. In section 4 we present a more realistic model that
reproduces the data inferred by the Fermi-LAT collaboration. In section 5 we discuss our
results and present our conclusions.
2 Our setup
The DRAGON code1 [27] is an appropriate framework to bridge the gap between theory and
experimental data: In fact, it solves a very general version of the transport equation, and the
main motivation of the project, since the very beginning, has been to investigate what we
can learn from CR, radio and gamma-ray measurements about the physics behind the CR
transport problem and the origin of CRs themselves. In particular, its latest version currently
under development (DRAGON2 [28]), features all the relevant astrophysical ingredients required
for CR propagation, and includes a complete set of the most up-to-date models of the large-
scale regular magnetic field.
1www.dragonproject.org
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In this work, we extend the DRAGON2 code to solve the two-dimensional CR trans-
port equation including a fully-anisotropic diffusion tensor (i.e., keeping the assumption of
azimuthal symmetry but with orientation of the local magnetic field).
The simplified scenario presented here only focuses on proton propagation: It captures
the main aspects of the idea we are considering, and allows to make quantitative predictions
on the spatial variation of the protons slope.
We summarize below the main ingredients:
• Geometry: We assume azimuthal symmetry, so CR particles diffuse in a (R , z) plane
defined by the following boundaries: R ∈ [0, Rmax] and z ∈ [−H,+H]. In all the
following simulations, Rmax = 20 kpc and a resolution dR = dz = 0.1 kpc has been
adopted, while two values of the halo size, H = 2 and 4 kpc, have been investigated.
• Transport equation: We consider the following generic anisotropic transport equation:
∂ N
∂t
= ∇ · (D ·∇N) + S = ∂
∂xi
(
Dij
∂ N
∂xj
)
+ S , (2.1)
where N is the CR density, S is the source term, D is the diffusion tensor defined
in eq. (2.3). We refer to the Appendix A for all the details, including the numerical
implementation.
• Source term: Regarding the source spatial distribution, we consider the usual parametriza-
tion taken from [29], based on pulsar catalogs:
S(R, z) =
(
R
R
)a
exp
(
− bR−R
R
− |z|
z0
)
, (2.2)
with a = 1.9, b = 5, R = 8.3 kpc and z0 = 0.2 kpc.
• Diffusion tensor: Given a topology of the regular magnetic field, the diffusion tensor is
naturally decomposed in the following way:
Dij ≡ D⊥δij +
(
D‖ −D⊥
)
bibj , bi ≡ Bi|B| , (2.3)
where B is the ordered magnetic field and b = B/|B| is its unit vector. Note that in a
complex magnetic configuration, the field orientation may vary in space, thus introduc-
ing a spatial dependence of the diffusion tensor elements Dij = Dij(R, z) through the
magnetic unit vectors, bi = bi(R, z), without the necessity to assume spatially depen-
dent diffusion coefficients, D‖ and D⊥. In fact, the parallel and perpendicular diffusion
coefficients may reasonably depend only on the microphysics of the (axisymmetric)
diffusion in a locally field-aligned coordinate system, which is encoded in their scaling
with respect to the rigidity, and not necessarily on the spatial position itself. In this
work we indeed consider spatially uniform and homogeneous D‖ and D⊥, but with
different scalings with respect to the rigidity:
D‖ = D0‖
(pGeV
Z
)δ‖
and D⊥ = D0⊥
(pGeV
Z
)δ⊥ ≡ DD0‖ (pGeVZ )δ⊥ , (2.4)
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where pGeV ≡ p/GeV and, accordingly, D = D0⊥/D0‖ is a parameter that gives the
relative strength of the perpendicular to parallel diffusion coefficients at the reference
energy of 1 GeV.
We remind the reader that, although in our setup D‖ and D⊥ are uniform, a spatially-
dependent diffusion naturally arises from the dependence of the regular magnetic field
orientation on the spatial coordinates as expressed by the unit vectors bR(R, z) and
bz(R, z): Therefore, an effective phenomenological scenario of the type prescribed in
Ref. [6], where a radially-dependent scaling δ(R) was introduced, naturally emerges
within the framework of an anisotropic diffusion in the inhomogeneous Galactic mag-
netic field.
• Magnetic field: There has been a significant improvement in the modeling of the Galac-
tic magnetic field (GMF) in the latest years. It is possible to identify a regular com-
ponent, of a few µG intensity, and coherent over O(kpc) lengths, which follows the
large-scale structure of the Galaxy. The regular component can be modeled exploiting
a wide set of data, including Faraday rotation measures and polarized synchrotron ra-
diation, once a model for the CR electron distribution is provided. Within the regular
component, three relevant contributions are usually identified: the disk, the halo, and
the poloidal magnetic fields.
Given our 2D setup, we consider an azimuthal disk and halo component, with the
intensity given by the following functions of R and z, as in [30]:
Bdiskφ (R, z) =

BD0 e
−|z|/z0 (R < RcD)
BD0 e
−|z|/z0 e−(R−R◦)/R0 (R > RcD)
, (2.5)
Bhaloφ (R, z) = BH0
[
1 +
( |z|−zH0
zH1
)]−1
R
RHO
e
(
1− R
RH0
)
(2.6)
Note that, even in our 2D setup, it is important to model the Bφ component, al-
though it enters the magnetic unit vectors bi only through the field strength, |B| =√
B2z +B
2
R +B
2
φ. In fact, as we explicitly show in section 3 for a toy-model case,
this component contributes to set a scale for the relative importance of parallel and
perpendicular diffusion in Eq. (2.3).
As far as the poloidal magnetic field is concerned, we adopt the parametrization given
in [19], i.e., an X-shaped component with constant elevation from the Galactic disk for
R > RcX and progressively more and more perpendicular to the Galactic plane as R
decreases below RcX:
Bpolz (R, z) = BX(R, z) cos
[
ΘX(R, z)
]
, (2.7)
BpolR (R, z) = BX(R, z) sin
[
ΘX(R, z)
]
, (2.8)
with BX and ΘX defined as
BX(R, z) =

B0X
(
Rp
R
)2
e−Rp/RX (R ≤ RcX)
B0X
(
Rp
R
)
e−Rp/RX (R > RcX)
, (2.9)
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ΘX(R, z) =

tan−1
( |z|
R−Rp
)
(R ≤ RcX)
Θ0X (R > R
c
X)
, (2.10)
and
Rp =

RRcX
RcX+|z|/ tan Θ0X
(R ≤ RcX)
R− |z|
tan Θ0X
(R > RcX)
, (2.11)
where the best-fits of the four free parameters have been determined in Ref. [19] to be
B0X = 4.6 µG, Θ
0
X = 49
◦, RcX = 4.8 kpc, and RX = 2.9 kpc. The role of this magnetic
field component is crucial in our setup, since it determines the progressively more and
more “vertical escape” (i.e., along z) of the CRs in the parallel direction as R decreases.
This feature will be indeed characterized by a harder scaling of the CR spectrum with
rigidity as R decreases.
In figure 1 we provide a three-dimensional visualization of the complete magnetic field
model described by eqs. (2.5)–(2.11).
Figure 1. Three-dimensional representation of the Galactic regular magnetic field model used in our
simulations and described by eqs. (2.5)–(2.11). The values of the vertical component, Bz, is shown
with colors on top of the magnetic field lines and as a contour plot on the z = 0 Galactic plane. Note
that the field lines in the plot are randomly selected and the plot is meant for illustrative purpose
only.
• Energy losses: As far as hadronic particles are concerned, in the energy range we are
considering the role of energy losses is negligible, as clearly shown e.g. in [31] (figure 1
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in that paper): above 10 GeV the timescale for ionization and Coulomb energy losses
exceed the diffusion timescales by at least 3 orders of magnitude.
3 Parametric study
As a preliminary step, we start by considering an even more simplified version of the magnetic
field configuration presented above, in order to capture the main effects that we want to
discuss and their dependence on the relevant parameters. We therefore implement a toy-
model magnetic field with no radial component, an exponentially decreasing component along
z and an exponentially increasing component along φ (i.e., out of the simulation plane):
BR = 0 (3.1)
Bφ = B0,φ
(
1− e−R/R0
)
(3.2)
Bz = B0,z e
−R/R0 ≡ B B0,φ e−R/R0 , (3.3)
where B = B0,z/B0,φ and R0 are parameters that control the relative strength between Bz
and Bφ, and their characteristic decay/growth length scales, respectively.
Given this toy-model magnetic field, we thus expect that the parallel diffusion dominates
at small Galactocentric radii. In fact, at R  R0, the disk component of the magnetic field
is negligible and B is mainly along z, Bφ  Bz: In such region the diffusion tensor reads
D =
(
Drr Drz
Dzr Dzz
)
≈
(
D⊥ 0
0 D‖
)
≈ D‖
(
D p
δ⊥−δ‖ 0
0 1
)
R R0 , (3.4)
so, if D  1 the cosmic rays perform just a relatively fast diffusion along z (with minor
modifications due to the perpendicular counterpart). Conversely, at large R R0, the largest
contribution to the magnetic field comes from Bφ  Bz, which is the out-of-simulation-plane
component, and therefore the diffusion becomes nearly isotropic:
D ≈
(
D⊥ 0
0 D⊥
)
R R0 , (3.5)
so that the cosmic rays are subject to a slower isotropic diffusion.
We expect that all these features will be reflected in a space-dependent spectral index
of the CRs. By modeling the parallel and perpendicular diffusion coefficients as in eq. (2.4)
and injecting the CRs with a power law of the type S ∝ p−αinj , when D  1 holds we expect
that the stationary distribution of CRs in this magnetic field will be given by
N(p) ≈

p−(αinj+δ‖) (R R0)
p−(αinj+δ⊥) (R R0)
, (3.6)
i.e., in general, by a space-dependent power spectrum with a spectral index α(R) that depends
on the distance from the galactic center.
It is important to remark that the picture depicted above could be altered in the R→ 0
region in the case where the ratio between the parallel and perpendicular diffusion coefficient
is very large (e.g. when D = 0.01 and B ≥ 0.5). Under these conditions, most of the CRs
that are injected directly in the inner Galactic plane quickly diffuse in the vertical direction
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Figure 2. Fitted CR spectral index α as a function of the Galactocentric radius R as the result of
anisotropic diffusion within the toy-model magnetic field in eqs. (3.1)–(3.3) with R0 = 3.5 kpc. The
spectral index at the injection is αinj = 2.2. Different combinations of the relevant parameters, B ,
δ‖, δ⊥, D and H, are reported (see title and legend in each panel).
(parallel to the field) and leave the diffusive halo of the Galaxy. The proton spectrum in
this central region receives therefore a dominant contribution from the particles that slowly
diffuse perpendicularly along R from larger radii. Given the steep rigidity dependence of
the perpendicular diffusion coefficient, this contribution is more relevant at larger energies,
thus determining a hardening that could be stronger than expected on the basis of the
considerations exposed above (as it will be shown, in some limited cases, the spectral index
could also be harder than the injection index).
In order to investigate the properties of the space-dependent anisotropic diffusion in
the toy-model magnetic field described in eqs. (3.1)–(3.3), a number of simulations have been
performed by varying several relevant parameters. In particular, the role of B, D, δ‖ and δ⊥
in determining α(R) has been explored taking into account also the possible effects of the halo
size, H. Since scanning all the possible combinations of parameters would take unreasonably
long time and resources, only few representative combinations have been considered here.
Three values of B = 0.2, 0.5 and 1 have been investigated for extremely anisotropic scalings
– 8 –
of the diffusion coefficients, namely δ‖ = 0.1 and δ⊥ = 0.6 (we stress that this particular
choice is not necessarily representative of a physical situation, but it is just to highlight the
difference between the regions where one kind of diffusion dominates over the other). A more
realistic case with δ‖ = 0.3 and δ⊥ = 0.5 has also been considered for the intermediate case
with B = 0.5. In all the cases mentioned above, only R0 = 3.5 kpc has been considered
(being a value close to the length scale of the poloidal magnetic field adopted for the more
realistic GMF), and two values of the halo size, H = 2 and 4 kpc, have been investigated.
The results of this parametric study is reported in figure 2, where the fitted CR spectral
index α as a function of the Galactocentric radius R is shown for different values of D and
H (see legend). Here we assume αinj = 2.2. At large R, all the cases converge towards a
nearly isotropic diffusion with α ' αinj + δ⊥ regardless of the D value, whereas the spectral
index at small R is strongly dependent on such parameter (being α ' αinj + δ‖ when D  1,
and getting closer to α ' αinj + δ⊥ as D increases to unity). All the results are only weakly
dependent on the values of H that have been investigated. The behavior of the CR spectral
index α in this toy-model magnetic field can thus be summarized as follows:
(i) The D parameter controls the minimum and maximum values, αmin and αmax, that
can be reached by the CR spectral index α (at R  R0 and at R  R0, respectively,
for the magnetic configuration considered here). As soon as D  1 and δ‖ < δ⊥, the
minimum value is αmin ' αinj + δ‖ and increases to somewhat close to (but smaller
than) αinj + δ⊥ as D → 1, whereas αmax ' αinj + δ⊥ regardless of D.
(ii) The length scale of the transition between αmin and αmax is essentially set by R0, with
some modification due to the parameter B, i.e. the length scale being slightly larger
than just R0 for increasing B.
(iii) The halo size H weakly determines the relative weight of δ⊥ and δ‖ for small R, where
the parallel diffusion along z is supposed to dominate and the CRs are confined only for
|z| ≤ H. In fact, a quick escape in the z direction can be partially counterbalanced by
a very extended halo, thus allowing for additional perpendicular diffusion which then
leaves a more effective fingerprint on the CR spectral index.
4 Results for a realistic model
Once the dependence of the proton slope on the relevant parameters of the toy model is
understood, we consider the full implementation of the magnetic field described in Section 2.
Our aim is to present a set of reference propagation models characterized by a good
agreement with: 1) the results of the model-independent analysis performed by the Fermi-
LAT collaboration [4], which provides an estimate of the proton slope inferred by gamma-
ray data at different Galactocentric radii; 2) the low-energy extrapolations of the numerical
simulations presented in [12, 14, 15]. In these studies, the propagation of charged test particles
in a turbulent field is computed. In particular, the most recent one [15] covers a range of
particle energies corresponding to 10−2 < RL/`c < 103 (where `c is the magnetic correlation
length2), and provides explicit expressions for the CR diffusion tensor: A clear evidence for
2We remind the reader that the energies covered by [15] are at least 3 orders of magnitude larger than
those we are dealing with in the present work, so we have to assume that a low-energy extrapolation of the
trends is possible
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Figure 3. The predicted variation of the proton slope with respect to the Galactocentric radius is
shown for two different choices of D = D0⊥/D0‖ (left panel: D = 0.01; right panel: D = 0.1).
The model predictions are compared to the results of the gamma-ray analysis performed in [4]; as a
reference, we show the phenomenological model proposed in [6].
a steeper scaling of the perpendicular diffusion coefficient is reported: δ⊥ ∈ [0.54, 0.72], in
agreement with the earlier results discussed in [12].
Guided by those considerations we present a set of reference models: We adopt δ0‖ = 0.3
and δ⊥ ∈ [0.5, 0.7], and consider two different scenarios characterized by D = 0.1 and
D = 0.01. The height of the diffusive halo is fixed to the commonly used benchmark value
H = 4 kpc. We show the main results in figure 3.
We obtain in all cases a significant hardening of the proton spectrum. More precisely,
the difference in slope between the local spectrum and the spectrum at the Galactic Center
is [0.24, 0.36] if D = 0.1 or [0.27, 0.58] if D = 0.01, the lower bound of the interval corre-
sponding to δ⊥ = 0.5, while the upper one refers to the case where δ⊥ = 0.7. The hardening
is compatible with the Fermi-LAT analysis, and in good agreement with the phenomeno-
logical interpretation based on a radially-dependent δ (in the context of isotropic diffusion)
described in [6].
It is very important to point out that in our results the hardening is always present
in the energy range in which diffusion is dominant. This differentiates our model from the
scenario described in [25], where the hardening is explained in the context of non-linear
CR propagation, in which the transport is due to particle scattering – and advection – off
turbulence generated by streaming instability, i.e. triggered by CRs themselves. The key
idea of that explanation is that the diffusion coefficient is expected to be smaller in the inner
regions – closer to the peak of the source distribution – due to the larger CR gradients (and, as
a consequence, to the larger growth rate of CR-driven Alfve´n waves): Therefore, the range in
which advection dominates over diffusion, and the CR spectrum stays closer to the injection
one, extends to larger momenta compared to the conventional scenario. This effect can play
indeed a role, especially at low energies; however, the authors point out that self-generating
turbulence is relevant mostly below ∼ 50 GeV. Given the results reported in [6], in the inner
Galaxy there is actually a hint of a harder gamma-ray spectrum dominated by the hadronic
component (i.e., a harder proton spectrum compared to the local one) at least up to energies
as large as 100 GeV: A detailed model-independent analysis of Fermi-LAT data focused on
this high-energy domain is therefore needed to distinguish between the two scenarios.
Some comments about the impact of anisotropic diffusion on the CR density profile are
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Figure 4. The impact of anisotropic diffusion on the CR flux on the Galactic plane at different
Galactocentric radii is shown for the different setups considered in this work. As a comparison, we
show the results of [4]. A very high degree of anisotropy may result in a significant depletion of CRs
in the inner Galaxy: See the detailed discussion in the text.
now in order. For illustrative purposes we show in figure 4 the predicted profile of the CR
density integrated above p = 10 GeV along the Galactic plane, compared to the results of the
Fermi-LAT analysis discussed above [4]. In our setup, parallel diffusion in the inner Galaxy
corresponds to an enhanced escape of particles in the vertical direction, given the topology of
the magnetic field: Therefore, a high level of anisotropy necessarily implies a more efficient
depletion of cosmic rays in the bulge. A similar trend can be qualitatively inferred from
the first radial bins of the Fermi-LAT analysis, while, in contrast with such analysis, the
corresponding isotropic model predicts a negligibly small depletion of CRs in such region.
On the other hand, we point out that the high CR density at R ' 3 kpc inferred by CR data
and corresponding to the peak in the source distribution is highly smeared in our anisotropic
scenarios. In this regard, we remark that the behavior of the injection term in the inner
Galaxy is affected by extreme uncertainty (see the discussion in [32]), and inevitably a large
degeneracy arises between the number and efficiency of CR sources in the central region and
the effectiveness of parallel escape in the vertical direction. Moreover, it is appropriate to
issue certain caveats of our 2D approach in this context: The magnetic field topology is
aligned with the spiral structure of the Galaxy, hence we expect that the particles injected at
R ' 3 – 4 kpc would propagate azimuthally along that pattern, thus possibly reducing, to a
certain extent, the impact of the vertical escape. In order to address these problems, a future
development of this work is a study of the anisotropic transport in a fully 3D geometry.
Finally, a comment is in order about the behavior of the proton spectral index at
around 1 kpc. As clearly illustrated in Fig. 2, our model is not able to reproduce the very
large fluctuation of the spectral index that is observed by Fermi-LAT at this Galactocentric
distance. This could be a hint that other mechanisms might be competing with anisotropic
diffusion in shaping the spectral index: It is interesting to notice, for example, that the
very large softening of the spectrum at 1 kpc is reproduced well in the framework of the
already discussed scenario described in Ref. [25], which, on the other hand, does not seem to
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explain the hardening that is observed at R→ 0 and that is correctly predicted by the model
discussed here. In addition, one must consider also that the region at 1 kpc represents the
outer Galactic bulge, a poorly understood region with very low gas density that may not be
correctly captured by the Fermi-LAT gamma-ray analysis.
5 Conclusions
The evidence for a progressive hardening of the proton spectrum towards the inner Galaxy
represents a severe challenge for the standard, isotropic, homogeneous transport models
considered so far in most of the literature.
In this work we have explained this hardening in the context of anisotropic CR trans-
port, and presented a complete description of (2D) numerical solver designed to compute
the anisotropic diffusion of CR protons in the Galaxy within an azimuthally-averaged three-
dimensional model for the Galactic magnetic field.
At first, a toy-model magnetic field capturing the essential features of the realistic one
has been considered, and the impact of the main free parameters on the CR propagated
spectrum along the Galactic disk has been highlighted.
An azimuthally-symmetric version of the more recent and detailed models of the Galactic
magnetic field has been then considered. Within such realistic implementation, we were able
to reproduce the anomalous hardening of the CR proton spectral index recently inferred from
the gamma-ray Fermi-LAT data
The results show for the first time a relevant observable signature of anisotropic diffusion
and provides a consistent interpretation of a recently debated anomaly in the CR proton slope
inferred by gamma-ray data.
Further investigations of the anisotropic diffusion process in a full 3D setup, including
other effects such as, e.g., the role of advection, will be needed in the future in order to
capture an even wider phenomenology (e.g. the parallel escape along the spiral arms).
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A The anisotropic diffusion equation
The diffusion equation for CRs distribution N(x, t) is
∂ N
∂t
= ∇ · (D ·∇N) + S = ∂
∂xi
(
Dij
∂ N
∂xj
)
+ S , (A.1)
where we are dropping any species index and/or dependence for the sake of simplicity, S
represents a generic source term, and the elements of the anisotropic diffusion matrix can be
written in general as
Dij ≡ D⊥δij +
(
D‖ −D⊥
)
bibj , bi ≡ Bi|B| , (A.2)
where B is the ordered magnetic field, so b = B/|B| is the unit vector along it3. The diffusion
equation (A.1) can also be rewritten in the following form:
∂ N
∂t
= D[N] + uD ·∇N + S , (A.3)
where D ≡ D :∇∇ = Dij∂i∂j is a second-order differential operator (i.e., the usual diffusion
operator D∇2 for an isotropic and homogeneous diffusion tensor) and uD ≡ ∇ · D is a
drift-like velocity arising from the inhomogeneities present in the system (that are here seen
through the diffusion coefficients). However, note that a drift-like term can arise not only for
inhomogeneities, but also because of the form of the divergence in non-cartesian coordinate
systems (see below for cylindrical coordinates). Hereafter, we are going to consider the two-
dimensional (2D) case only, so, for instance, any dependence on φ in cylindrical coordinates
will be neglected (azimuthally-symmetric approximation).
In the 2D approximation of cylindrical coordinates, (R, z), the above equation can be
rewritten as
∂ N
∂t
= DRR
∂2N
∂R2
+ Dzz
∂2N
∂z2
+ 2DRz
∂2N
∂R∂z
+ uR
∂ N
∂R
+ uz
∂ N
∂z
+ S , (A.4)
where the drift-like velocities are given by
uR =
DRR
R
+
∂ DRR
∂R
+
∂ DRz
∂z
and uz =
DRz
R
+
∂ DRz
∂R
+
∂ Dzz
∂z
. (A.5)
In the 2D cartesian coordinates (x, y), eq. (A.4) retains the same form with just the
coordinate change r → x, but the drift-like velocities now read
ux =
∂ Dxx
∂x
+
∂ Dxz
∂z
and uz =
∂ Dxz
∂x
+
∂ Dzz
∂z
. (A.6)
By comparison of eqs. (A.6) with eqs. (A.5) it is clear that even if the diffusion coefficients
are constants, a “metric-induced” dirft may sill be present in cylindrical coordinates.
3Note that ∇ ·B = 0, but ∇ · b = −∇‖ ln(B) 6= 0 in general.
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A.1 Numerical implementation
The diffusion equation (A.4) has been implemented via the so-called operator splitting (OS)
method. The right-hand-side operator has been splitted into three parts: one for the prop-
agation in R, another one for the propagation in z and a third part dealing with the mixed
second-order derivative term. The first two operators are treated with the Crank-Nicolson
(CN) scheme, i.e., (
1 +
∆t
2
CRi,j
)
Nn+1i,j −
∆t
2
URi,jNn+1i+1,j −
∆t
2
LRi,jNn+1i−1,j =
=
(
1− ∆t
2
CRi,j
)
Nni,j +
∆t
2
URi,jNni+1,j +
∆t
2
LRi,jNni−1,j +
∆t
nos
Si,j
where nos = 3 is the number of splitting done with the OS method, CR, UR and LR are the
central diagonal, upper diagonal and lower diagonal terms for the R-propagation operator,
respectively, defined by
CRij ≡
2 (DRR)ij
∆Ru ∆Rd
, (A.7)
URij ≡
(DRR)ij
∆Rc ∆Ru
+
(uR)ij
2 ∆Rc
, (A.8)
LRij ≡
(DRR)ij
∆Rc ∆Rd
− (uR)ij
2 ∆Rc
, (A.9)
where ∆Rc ≡ (Ri+1−Ri−1)/2, ∆Ru ≡ Ri+1−Ri, and ∆Rd ≡ Ri−Ri−1. The propagation in
z has the same form (and the corresponding straightforward changes in the i and j indices),
with the central, upper and lower diagonal terms given by the immediate symmetrization of
the above:
CZij ≡
2 (Dzz)ij
∆zu ∆zd
, (A.10)
UZij ≡
(Dzz)ij
∆zc ∆zu
+
(uz)ij
2 ∆zc
, (A.11)
LZij ≡
(Dzz)ij
∆zc ∆zd
− (uz)ij
2 ∆zc
. (A.12)
The third operator involving the mixed 2nd-order derivative term has been implemented with
an explicit scheme:
Nn+1i,j = N
n
i,j + ∆tMi,j
(
Nni+1,j+1 +N
n
i+1,j−1 −Nni−1,j+1 +Nni−1,j−1
)
+
∆t
nos
Si,j , (A.13)
with
Mij ≡ (DRz)ij
2 ∆Rc ∆zc
. (A.14)
B Numerical tests
In the following, few basic simulations are presented in order to test the reliability of the
numerical implementation and solution of eq. (A.4). These numerical tests are of two types:
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Run (NR,Nz) Np dt [Myr] (bR,bz) D0⊥/D0‖
G1 (101,101) 2 0.001 (0,1) 0.05
G2 (101,101) 2 0.001 (1,1)/
√
2 0.05
G3 (101,101) 2 0.001 (1,1)/
√
2 1
Table 1. Simulation parameters for Green-Function tests. The constants in physical units are
D0‖ = 1028 cm2/s and B0 = 10 µG.
(i) Green function tests: Given an initial single point source localized in xsrc and active
at t = 0 only, the solutions of the diffusion equation and their time evolution is known.
In this test, the correctness of the time-dependent numerical solution with the corre-
sponding analytical Green functions is verified (see Sec. B.1).
(ii) Comparisons with analytical solutions (following the approach of [33]): Given an ex-
pression for the stationary solution Nan(R, z), i.e., such that ∂tN = 0 and satisfying
the correct boundary conditions, we can derive the analytical expression for the source
San that is required. In this case, we test the convergence of the numerical solution,
Nnum, to the expected analytical counterpart, Nan, by employing the required source
San (see Sec. B.2).
For all the tests presented here, we consider a simulation domain R ∈ [0, Rmax] and z ∈
[−H,+H] with Rmax = 2H = 4 kpc, discretized with NR = Nz = 101 uniformly distributed
grid points for the Green function tests and with NR = Nz = 31 for the comparisons with
analytical solutions.
B.1 Green function
We initialize the simulations with a point source located at xsrc = (Rsrc, zsrc) = (2, 0) kpc,
which is active only at t = 0:
S =
δ(t)
pi∆2
e[(R−Rsrc)
2+(z−zsrc)2]/∆2 , (B.1)
where ∆ = min(dR, dz). The solutions are the following well-known Green functions:
G‖(`‖, t) =
1√
4D‖t
e
l2‖/(4D‖t) , (B.2)
G⊥(`⊥, t) =
1√
4D⊥t
el
2
⊥/(4D⊥t) , (B.3)
where `‖ ≡ (x−xsrc) ·b is the direction parallel to the magnetic field and `⊥ is the direction
perpendicular to it.
In Table 1, we report the parameters used for the above tests. The results of such tests are
shown in figures 5–7. Remarkable agreement has been found. Note that in the test G3, where
bR = bz 6= 0, the profiles are slightly shifted because drift terms are not zero, uR 6= 0 and
uz 6= 0, even if the diffusion matrix elements are constants. Also, some minor discrepancies
in that test may be due to the diagonal grid reconstruction.
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Figure 5. Upper panels: contour plots of N(R, z, t) (normalized) at three different times. Lower
panels: profiles N(Rsrc, z, t) (left) and N(R, zsrc, t) (right) at different times (colors): comparison
between numerical (circles) and analytical (solid lines) solution. Here Bz = B0, BR = 0, D0⊥/D0‖ =
0.05, NR = Nz = 101 and dt = 0.001 Myr.
Figure 6. Upper panels: contour plots of N(R, z, t) (normalized) at three different times.Lower
panels: diagonal profiles, parallel (left) and perpendicular (right) to the magnetic field direction at
different times (colors): comparison between numerical (circles) and analytical (solid lines) solution.
Here Bz = BR = B0, D0⊥/D0‖ = 0.05, NR = Nz = 101 and dt = 0.001 Myr.
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Figure 7. Upper panels: contour plots of N(R, z, t) (normalized) at three different times.Lower
panels: diagonal profiles, along z (left) and parallel to the magnetic field direction (right) at different
times (colors): comparison between numerical (circles) and analytical (solid lines) solution. Here
Bz = BR = B0, D0⊥ = D0‖ = D0, NR = Nz = 101 and dt = 0.001 Myr.
B.2 Consistency with analytical solutions
In this test, we define a priori the analytical form of a solution ψ that we want to get in
the stationary state (i.e., ∂tψ = 0), accordingly to some boundary conditions. From such
solution, we can explicitly derive the analytical form of the source term S via the stationary
diffusion equation, S = −∇ · (D ·∇ψ).
In cylindrical coordinates, (R, z), the boundary conditions (BCs) on a [0, Rmax] ×
[−H,+H] domain that have to be imposed on ψ are the following:
ψ(z = ±H) = 0 , (B.4)
ψ(R = Rmax) = 0 , (B.5)
∂ ψ
∂R
∣∣∣∣
R=0
= 0 . (B.6)
The simplest non-trivial function that fulfills the above BCs is given by
ψ = ψ0 cos(kRR) cos(kHz) , (B.7)
where kR = pi/2Rmax and kH = pi/2H, and ψ0 is an arbitrary constant (hereafter, ψ0 = 1).
From ψ, we can derive the source term S which would be necessary to produce such solution:
S = −∇
(
D ·∇ψ
)
=
(
k2RDRR + k
2
HDzz
)
ψ − 2DRz ∂
2ψ
∂R∂z
− uR ∂ ψ
∂R
− uz ∂ ψ
∂z
, (B.8)
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Run (NR,Nz) Np dt [Myr] BR Bz D0⊥/D0‖
P1 (31,31) 2 0.1 0 B0 0.05
P2 (31,31) 2 0.1 B0 B0 0.05
P3 (31,31) 2 0.1 B0/2 B∞ +B0 exp(−r2/L2B) 0.05
Table 2. Simulation parameters for the comparison with analytical solutions. The constants in
physical units are D0‖ = 1028 cm2/s, B0 = 10 µG, B∞ = 1 nG, and LB = 2 kpc.
where Dij , uR and uz are given in eqs. (A.2) and (A.5). The derivatives of ψ can be written
down explicitly, so one gets
S =
(
k2RDRR + k
2
HDzz
)
cos(kRR) cos(kHz)
− 2 kR kH DRz sin(kRR) sin(kHz) (B.9)
+ kR uR sin(kRR) cos(kHz) + kH uz cos(kRR) sin(kHz) ,
In Table 2, the parameters used for the tests are reported. The results of these tests are
shown in Figs. (8)–(10). The numerical solution N converges quite rapidly to the analytical
ψ given in eq. (B.7). Again, the agreement is remarkable.
Figure 8. Test P1: comparison between numerical (circles) and analytical (solid lines) solution along
z (left) and along R (right) at different times (colors): 10 Myr (dark red), 20 Myr (red), 40 Myr
(yellow), 100 Myr (green) and 1 Gyr (blue).
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Figure 9. Test P2: comparison between numerical (circles) and analytical (solid lines) solution along
z (left) and along R (right) at different times (colors): 10 Myr (dark red), 20 Myr (red), 40 Myr
(yellow), 100 Myr (green) and 1 Gyr (blue).
Figure 10. Test P3: comparison between numerical (circles) and analytical (solid lines) solution
along z (left) and along R (right) at different times (colors): 10 Myr (dark red), 20 Myr (red), 40 Myr
(yellow), 100 Myr (green) and 1 Gyr (blue).
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